In recent years, theories with compact extra dimensions have become increasingly popular. In some models, the standard model particles are confined to our four-dimensional world, and only gravity can propagate in the extra dimensions. In such models, the size of the extra dimensions can be as large as hundreds of microns. The functional dependence of the gravitational force on distance is well known at both large and small distances, compared to the size of the extra dimensions; for two extra dimensions, for example, it varies from 1/r 2 to 1/r 4 as the distance decreases. However, the dependence for intermediate distances has not been fully calculated. We determine this dependence as a function of both the size of the extra dimensions and the possible angle between the extra dimensional unit vectors, and show that high precision measurements of the gravitational force will allow the determination of the shape of the extra dimensions. 
Introduction
six compact dimensions, all with a size R given by 20 fermis (corresponding to an energy scale of 10 MeV). As the energy scale increases past 10 MeV, gravity will change from being 1/r 2 to 1/r 8 . Its strength will then grow extremely rapidly at scales above 10 MeV, and will become strong at approximately a few TeV, which is within reach of currently planned accelerators. Thus the Planck scale will only be a few TeV, and one could expect future colliders to directly probe quantum gravity and string effects, produce black holes, etc. The traditional hierarchy problem is then resolved (although it is replaced by the question of why the value of R is so different than the inverse of the weak scale).
One can reverse the argument, and determine the value of R, given that one requires the Planck scale to be in the TeV range. This will only depend on the number of extra dimensions. For a Planck scale of 1 TeV, it is found [2] that R ∼ 10 32/d 10 −17 cm For one extra dimension, the value of R turns out to be millions of kilometers, which is clearly excluded. Thus, there cannot be just one extra dimension. For two extra dimensions, R is a few hundred microns, which is currently [3] being experimentally probed [4] . For three extra dimensions, R is tens of nanometers, which may be accessible [5] in some proposed experiments. For more than three extra dimensions, the value of R is too small to directly probe.
In this article, we will focus on the case of two extra dimensions. With more than one compact dimension, the shape is not completely constrained-with two extra dimensions, for example, the ratio of the radii of the two dimensions can be something other than unity, and the unit vectors need not be orthogonal, leading to a shape angle. Thus, by precisely measuring the force of gravity at small distances, one can probe the shape as well as the size of the extra dimensions.
Calculational Methods and Gauss' Law
As a simple illustration, let us consider the case of a single extra dimension, compactified with a periodicity R (this would then be the circumference of a circle, not the radius). The spatial variables are x, y, z and w. A point mass in the system will appear as in Figure 1 , where y and z coordinates have been suppressed, and the periodicity in the compact dimension is apparent. It should be pointed out that we are working in a "brane-world" scenario, in which the known particles are confined to a four-dimensional brane, and only gravity can propagate in the extra dimensions.
For very small distance scales, r << R, the gravitational field only depends on the mass at w = 0. Gauss' Law in n-dimensions [6] is
where S n is the surface area of a unit n-sphere, M enc is the mass enclosed in the Gaussian volume, and G n is the n-dimensional Newton's constant. Note that this can be taken as the definition of Newton's constant-the constant S n is purely convention. In three spatial dimensions, the left-hand-side of this equation gives Figure 1 : A point mass in a space with one compact dimension, w, and one noncompact dimension, x, is shown.
F × 4πr 2 , and the right-hand-side gives 4πG 3 M . Equating, one finds the familiar Newton's Law (for the gravitational field). In higher dimensions, the surface area of a unit sphere is
and one can see that the gravitational field will then be given by
With one extra dimension, this gives F = G 4 M/r 3 . Note that the dimensionality of G 4 and G 3 (the usual Newton's constant) will be different.
At very large distances, r >> R, the string of masses looks like a continuous line of uniform mass density, and we can use a cylindrical Gaussian surface to solve for the field [2] . Consider an 4-dimensional cylinder of side length L, with endcaps composed of three dimensional spheres of radius r. The mass enclosed by the cylinder is M L R , the S 4 = 2π 2 , and the left-hand-side of Gauss' Law is F × 4πr 2 L. Equating, the L drops out (as usual in cylindrical Gauss' Law applications), and one finds that
and thus, not surprisingly, at large distances, we recover the usual inverse square law. Comparing, one can easily find the expression for G 4 in terms of G 3 (the usual Newton's constant) and R. Generalizing to n spatial dimensions, one can write
where V n−3 is the volume of the n-3 dimensional compactified space. Thus, we find, from Gauss' Law, that the gravitational field varies from an inverse-square law at large distance to an inverse-(n − 1) law at small distances, where n is the number of spatial dimensions. This result is independent of the precise shape of the extra dimensions, and to probe the shape, one must look at intermediate distances. In this case, one must explicitly sum over the "mirror masses" and thus Gauss' Law will not apply. For simplicity, we will calculate the gravitational potential at intermediate distances-the field can be determined by differentiation. Again, we first consider a single extra dimension, as in Figure  1 . In four spatial dimensions, the gravitational potential at a distance D from a point mass is V 4 = −
Writing in terms of the conventional Newton's constant G 3 , this becomes
where ∆ ≡ r/R. For large ∆, the sum is π/∆, leading to the conventional gravitational potential. We plot rV (r) as a function of r in Figure 2 . Note that, as expected, the potential varies as 1/r for large r and as 1/r 2 for small r. Since one extra dimension is already excluded, the case of two extra dimensions must now be considered.
Two Extra Dimensions
With two extra dimensions, the topology of the compactified space is no longer trivial. Since the three dimensions of our Universe are topologically flat, we will assume that the two compact dimensions are also flat. This occurs naturally in string theory. Flat compact dimensions are not unnatural. For example, the surface of a cylinder is two-dimensional, and has one very large and one very small dimension. Yet it is topologically flat-the angles of a triangle on a cylinder always sum to 180 degrees.
Technically, the space we are considering is the product of two circles, known as a 2-torus. It can have two circumferences, which we will denote as R 1 and R 2 . In addition, there is no reason that the unit vectors in the two compact directions must be orthogonal [7] . Thus, the description of the image masses corresponding to Figure 1 is given in Figure 3 . The three parameters which will specify the shape of the extra dimensions are R 1 , R 2 and θ.
We will first consider the case in which the unit vectors are orthogonal. The complete expression for the potential is given by
where we can choose, without loss of generality, R 2 ≥ R 1 , and G 5 is Newton's constant in five spatial dimensions. The result is plotted for R 2 = R 1 , R 2 = 3R 1 and R 2 = 10R 1 in Figure 4 . Note that at large distances, the standard 1/r potential emerges, as expected. For small distance, one can clearly see the 1/r 3 dependence of the potential, also as expected. It is important to note that a measurement of the strength of the gravitational potential at very small distances would enable one to distingutish between the three possibilities. This is not surprising, since the strength of the potential depends on the five-dimensional Newton's constant, which depends on the volume of the extra dimensions (see Eq. (4)). However, knowing the volume of the extra dimensions does not determine the shape-one could not distinguish between R 1 = R 2 = √ 10R 0 and R 2 = 10R 1 = 10R 0 , where R 0 is an unknown scale. Thus, to explore the shape of the extra dimensions, the full position dependence of the potential must be explored.
In Figure 5 , we have rescaled R 1 and R 2 so that the volume of the extra dimensions is the same in each of the three cases. One can now determine the precision necessary to distinguish the three cases. From the figure, one can see that the value of the potential varies, as R 2 varies from R 1 to 10R 1 , by a little over a factor of two. A 30% measurement of the potential would enable one to distinguish between R 2 = R 1 and R 2 = 3R 1 . Such precision certainly seems experimentally feasible, Figure 6 : The gravitational potential, times r, for R 1 = R 2 , for various values of the shape angle. Again, the results have been scaled so that the volumes are identical.
once a deviation from the inverse-square law is found.
The other possibility is that the unit vectors in the extra dimensions are not orthogonal. Here, we assume R 1 = R 2 for simplicity, and vary θ. Again, rescaling the R's so that the volumes are identical, we find the results in Figure 6 . Here, we see that it is essentially impossible to distinguish between θ = π/2 and θ = π/3, but that a factor of two measurement of the potential would distinguish between either of those and θ = π/36.
Discussion
Experiments probing the nature of gravity at short distances are now underway. Measurements at the nanometer-scale are possible. Should a deviation from the inverse-square law be discovered, there will be a huge effort to measure this deviation precisely. In large extra dimension models, the nature of the deviation is well-known at very short distances, and the leading order term in the deviation is also well-known. In this work, we have studied the deviation in the intermediate region, and have shown that experimentally constraining the shape, as well as the volume, of the extra dimensions is feasible. In the specific case of two extra dimensions, in which the expected scale is in the tens to hundreds of microns region, a measurement of 30% accuracy in the potential would enable one to distinguish a difference of a factor of three in the size of the extra dimensions, and shape angles smaller than a few degrees would also be measureable.
There are several possible avenues for future study. One could, of course, consider three extra dimensions. This is asthetically appealing, since the nine spatial dimensions of string theory could break up into three large, three intermediate and three small dimensions. Here, there would be three different sizes, as well as three different shape angles.
Another possibility is that the extra dimensions are not flat. Here, we have assumed that they are flat, forming a 2-torus. This is certainly the simplest case. However, it could be that the extra dimensions are curved. For example, they could have the topology of the surface of a sphere [8] . In this case, the simple images description of Figure 3 would not be accurate (since one can travel in any direction and return to one's starting point). An expansion in terms of KaluzaKlein modes on a sphere would be appropriate in this case, and such a study in currently under investigation.
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